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Abstract—We present the recent works [1] on the application
of Darboux transformation on one-dimensional Dirac equation
related to the field of Quantum Information and Computation
(QIC). The representation of physical system in one-dimensional
equation and its transformation due to the Bagrov, Baldiotti,
Gitman, and Shamshutdinova (BBGS)-Darboux transformation
showing the possibility admitting the concept of relativity and
the trade-off of concurrent condition of quantum and classical
physics play into the area of QIC. The applications in cavity
quantum electrodynamics and on the proposal of quantum
transistor are presented.
Index Terms—Darboux transformation, One-dimensional
Dirac equation, Cavity QED, Quantum transistor
I. RESULTS
SEVERAL new proposals of perturbation theory in quan-tum mechanics are coined in order to answer the questions
emerging in the recent research of quantum science and tech-
nology (in which, especially, related to quantum information
and computation), such as proposed in quantum many body
problems [2] and group theory [5]. In this work, we present
a new model of perturbation theory under the scheme of Dar-
boux transformation [3][4] acting upon one-dimensional Dirac
equation: intertwining operation on the old Dirac Hamiltonian
creates a new perturbing potential term on the new Dirac
Hamiltonian. The advantage of this approach are: first, the
potential in Dirac Hamiltonian is in vector form, instead of
scalar form as conventionally used in Schro¨dinger Hamilto-
nian. Second, the Dirac potential can be a vector in three-
dimensional Euclidean Bloch sphere or a complex four-vector
in Minkowskian Bloch sphere. Third, under this scheme, the
correlation between potential and physical quantities (atomic
population, quantum state etc.) can be easily obtained. In other
words, the physical quantities of a system is controllable via
Dirac potential. Two folds of work are presented: first, in the
case of cavity quantum electrodynamics [6] [7], and second,
in the case of a relativistic charge qubit in classical external
electromagnetic fields [8]. Below, we point out the outlines of
our works.
The perturbation on a system of atom-photon in cavity
quantum electrodynamics due to the presence of the field
behaving concurrently classical and quantum can be well-
described by this scheme in which the potential is in a vector in
three-dimensional Euclidean Bloch sphere. Under this scheme,
the atomic population is controllable by choosing the Pauli
matrices {σi|i = 1, 2, 3} as the input of BBGS-Darboux
transformation, D(σi). This operator acts as an controller on
an open-loop mechanism and the input-output of the system is
a set of potential and state, {V,Ψ}, as stated in the Theorem
1 in the next Section. The benefit of using this method is
that the atomic inversion in cavity quantum electrodynamics is
controllable via the Dirac potential. Especially, we found that
the choice of D(σ1) causes the total collapse of Rabi oscilla-
tions. The remarkable feature of this choice is the appearance
of wells prior to the total collapse which is a phenomenon
similar to Yukawa potential thus it is so-called Yukawa-Rabi
oscillations which is produced by parabolic Dirac potential as
shown in Fig. (1).
The perturbation on a moving relativistic charge qubit due
to external electromagnetic fields fits nicely with the use
of BBGS-Darboux transformation on one-dimensional Dirac
equation in which the potential is represented in a complex
four-vector form. The mathematical method in this case takes
benefit from the vector-quantum gates duality of Pauli ma-
trices: Pauli matrices can be used as the basis vector or the
elementary quantum gate. To reconcile this discrepancy, we
argue that the type of quantum gate is related to the direction
of Dirac perturbation potential in which is in the Lorentz force
form. Mathematically, the perturbation occurs if there is an
action of Darboux transformation on the system as mentioned
in the Theorem 2 in the next Section. Under this scheme,
it is necessary to obtain a quantum logic gate by tuning
the perturbation potential, i.e., in our work depends on the
direction of the external electromagnetic fields on a relativistic
charge qubit moving along z-axis. One of our results, for
instance, is shown in Fig. (2), i.e., the resume to generate
IDENTITY-gate. This phenomenon is similar to the case of
quantum state transition due to carrier-photon scattering event
in intraband of semiconductor.
II. THEOREMS AND PROOFS
Theorem 1. Let {V,Ψ} represents a physical system and
D(σi)[N ] is a BBGS-Darboux transformation operator. The
open-loop control mechanism can be constructed, where the
BBGS-Darboux transformation operator can be assumed as
a controller, {V,Ψ} as the initial system, {V [N ],Ψ[N ]} as
the final system, and the eigenvalues εN (σi) are the output
variables. [6]
Proof. Let {V,Ψ} is the initial condition of a physical
system, in which the initial eigenvalues ε0 are belong to the
system.
The action of BBGS-Darboux transformation on this system
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Fig. 1. The time evolution of the population of two states (1(a)) and the
time evolution of Dirac potential (1(b)) in cavity quantum electrodynamics of
D(σ1) for t = 100.
Fig. 2.
is D(σi)[N ] {V,Ψ} = {V [N ],Ψ[N ]}, in which the eigenvalues
εN(σi) are belong to the new eigenstates Ψ[N ].
The complete proofs of the above theorem are given in Ref.
[6]. In this work, we only consider N = 1 or one fold Darboux
transformations.
Let us consider another scheme: initially the particle is at
rest and has the Dirac potential V0 and in quantum state |i〉.
This set of Dirac potential and state, {V0, |i〉}, belongs to the
following one-dimensional stationary Dirac equations
hˆ0Ψ = ε0Ψ. (1)
where hˆ0 = (iσz ddt+V0(t)), V0(t) =
∑
j σj(f0(t))j , and ε0 is
a constant.
Theorem 2. Suppose the initial potential is V0(t) =∑
i σi(f0(t))i. The one fold BBGS-Darboux transformations
on the equation (1) at which the final potential is V1(t) =
V0(t) + ∆V,where ∆V = −iσzUi, is a suffice condition
for Lˆ({Ui}) = {Ui}. (V0(t))0 and (V1(t))0 are the vector
variables.[8]
Proof. Consider
Lˆ(Ui)hˆ0Ψ = hˆ1Lˆ(Ui)Ψ. (2)
One can find
σ0(V0(t)− V0(t))
+i[Ui, σz ](V0(t)− βi(t)− 1) = 0 (3a)
iσzUi(β˙i(t)− V˙0(t)− αi)
+αiσ0(V0(t)− V0(t))
+(V0(t)− β0(t))(V0(t)− (V0(t))Ui
+iσz((β0(t)− V0(t)− α˙i(t)) + σ0V˙0(t).
(3b)
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